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Efficacious set point randomization is essential for reliable and accurate empirical mathematical
models.  This is the definition according to Merriam Webster Dictionary may be helpful:

Efficacious : having the power to produce a desired effect
Efficacious set point randomization is essential to achieving the desired goal of being able to verify
that a given assortment of test set points will have the power to produce math models within a
specified number of data samples and result in information saturation.  In this context, the user of
PSR Analysis needs reasonable assurances that the chosen set point matrix contains sufficient
information such that additional test samples will contribute nothing to the quality of the resulting
empirical mathematical model.  PSR Analysis provides that assurance with greater objectivity than
with sample size methods that are begun with traditional statistical methods.

Efficacious set point randomization provides a means of establishing a test sequence plan that is so
well distributed throughout the entire test range hypercube that it serves as a necessary and sufficient 
test plan that might otherwise have been carried out with 10's or even 100's of times greater numbers
of samples.  The final set point array must distribute the set points throughout the test hypervolume
such that the outer limits of the testing point extremes, both minima and maxima, as well as the
interior of the test hypervolume, are sampled.

There are two reasons why the regression function does not, and cannot, fit the empirical data set
perfectly: 

1.  First is that it is impossible to measure the pump’s performance variables with zero error; and 
2.  Second, and related to the first, data errors preclude any hope of perfectly identifying the real
first principles of physics that are at work within the pump that cause the performance to be as
it appears from the measured data.. 

So to speak, the true values of the test data are buried somewhere in the background noise and that
same background noise buries the true first principles.  Although regression, at times, can seem to
have a mystique all its own, it’s NOT magical, so there is no known way to extract the true values
nor the true first principles from the error-laden measured data.  Mathematical modeling of the pump
data becomes a search for the most likely first principles that can be chosen from a list of accepted
candidate hydromechanical phenomena.  Conventional statistical tests are then applied to the model
results to eliminate such undesirable effects, such as over-fitting, collinearity, poor correlation and
poor predictive ability of the model’s regression function.

In the end, the only basis for assessing the quality of the model is how well the model values
compare to the original source data, even knowing that the source data is laden with error.  Both
random and systematic errors are present in the source data, and therefore, the coefficients of the
regression function are inclusive of those errors.  Any better result is not possible and the final model
can never be more accurate than the source data from which it was derived.  It is indeed a dilemma.

Jack L Johnson
Project Leader pro tem,
Math Modeling Project



PROGRESSIVELY SEQUENCED REGRESSION VERIFIES SAMPLE SIZE
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IDAS Electrohydraulics

ABSTRACT
Test set points are a matrix of planned values for the independent variables to be used in a laboratory test
program.  The matrix will have, for a hydraulic pump, data columns consisting of the planned values of test
pressure, test speed, test displacement and test viscosity.  During the actual test procedure, the independent
variable values will be set into the test apparatus as “target test points”, and after the test equipment has
stabilized at the instant steady state condition, all the independent variables and all pertinent dependent
variables will be measured and recorded and placed into an output data matrix.  

In this context, efficacious set point randomization applies to the creation of the sequence of set points to
be used in the testing of a hydraulic pump.  Latin hypercube sampling is one design of experiments method
that was applied in the investigations reported here. Efficacy of sample randomization requires a uniformity
of distribution and penetration throughout the test plan’s hyperspace to sufficient density that essentially no
region is left unsampled, with some exceptions regarding combinations noted by Vose [5].  The selection
of test set points must be such that their very limited number of samples permeates the entirety of the hyper
volume with the same totality as would the use of the tens of thousands of possible test points.  Only then
can the sample data set produce information saturation, which is the desired effect.  Information saturation
occurs when a model created from a data set remains essentially unchanged if more samples are added to
the data set.  Test point sequencing, ie, experiment design, shall have taken place prior to the test.  Limited
sampling theory as a representation of a total population is a proven, and universally accepted method of
making modeling a  practical and finite endeavor.  LHC efficacy was clearly demonstrated in the Sequel
Report [4] in Figure 4, Page 5.

Efficacious randomization shall have so thoroughly characterized the entire unlimited universe of possible
test points that no further samples are needed in order to produce a useful and accurate model from the
output data matrix, but it shall have done so with the fewest number of samples in that output matrix.  That
is, the efficacious data set must demonstrate that it has reached information saturation.  An efficacious set
point matrix shall select, sequence and distribute the set points throughout the entire test plan’s hyper
volume so as to assure information saturation. Progressively Sequenced Regression Analysis (PSR analysis)
[3] provides an objective means for assuring the testing agency that information saturation will occur within
the chosen number of data points and a sufficient number of samples has been collected so that the data is
capable of producing accurate and reliable mathematical models.

BACKGROUND
In the Sequel Report [4] it was shown that blocking of test data, which was created using the latin hypercube
randomization algorithm (LHC) in Matlab, has the assured ability to create test set points that reach
information saturation  predictably in 100 sample points, and then 50 sample points, and then, in a “synthetic
sequencing and testing simulation”, with only 25 samples.  In all three cases, PSR analysis showed that the
RMS Error trajectories traversed the respective learning zones and reached the convergence plateau in 100,
50,  and 25 samples respectively.  The inescapable conclusion is that latin hypercube randomization is an
efficacious test sequencing process.  Indeed, the LHC algorithm has the power to create a test plan that
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Figure 1 The normal inputs and outputs to the latin hypercube
randomization and sequencing algorithm are first, the desired
number of samples and second, the minimums and maximums of
all the independent variables.  The output is the array of test set
points which constitute the test plan itself.  9KD

produces information saturation, and PSR Analysis is the objective means for verifying it.

Latin hypercube randomization has been shown to assure information saturation in the selected learning zone
and has been verified with PSR Analysis [4].  Vose [5] suggests that there are likely to be other
randomization methods that might work as well, however, they were not sought nor included in this research
program.  It would be an appropriate investigation for other researchers to undertake.

The condition of information saturation is important in one other aspect.  It was felt at the outset that
minimum sample size would be dependent on the number of unknown regression terms, however, this
concern was disposed of in the first report [3].  

Information saturation means that no more information can be forced into the sample data set.  The
important consequence is that if there is information saturation, then there is sufficient information to
formulate a regression model with, say, 3 unknowns.  But there is no more information that can be loaded
into the data sample set, therefore, there are enough samples to formulate a four-term regression function,
or a seven-term function or whatever, provided there are more samples than there are unknown regression
coefficients.  Information saturation is a kind of statistical nirvana.  It solves more than one problem.  PSR
analysis does not determine the minimum number of sample points, instead, it verifies that there are enough
efficacious sample points to assure information saturation within the range of samples chosen.  

LATIN HYPERCUBE SAMPLING EFFICACY AS IMPLEMENTED IN MATLAB
In many respects LHC sampling is ideally suited for performance testing of input/output devices such as
pumps, motors, generators, amplifiers, valves and the like.  There is a deterministic tendency in LHC

sampling, as well as random tendency
that, together, assure a kind of totality of
sampling the entire universe of possible
test point values and at the same time
some random assignments assure non-
repeating samples.  Both tendencies
reduce test point crowding thus
reducing the model errors associated
with limited sampling.  Refer to Figure
1 to see the principal inputs and outputs
of the LHC sampling algorithm.

Already stated, the Sequel Report [4]
establishes the efficacy of latin
hypercube randomization and
sequencing, and PSR Analysis verifies
the sufficiency of a given LHC
sequencing by showing that the set point
sequence will effectively span across the

learning zone [4] and enter the convergence zone [3].

Latin hypercube sampling requires that the ranges of each of the independent variables be known before the
test procedure begins.  This is clearly not a problem with hydraulic pump testing.  As every person who is
familiar with such lab procedures knows, it is absolutely necessary to know each of those ranges because
they control and limit every other variable while conducting the test.  Additionally, it is necessary to know,
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Figure 2 The hypercube for a 3-dimensional example consists
o f  a  “ h y p e r  v o l u m e ”  w i t h  s i d e s  o f
(speed)x(pressure)x(displacment) and units are those of the
product.  The Major Hypercube is segmented into Minor
Hypercubes by the number of samples in the final test plan. 
The hyper volume is 10 minor hypercube units high, 10 units
wide and 10 units deep, making 1000 minor hypercubes in all. 
In the end there will be only 10 minor hypercubes (data
samples) to represent the entire 1000 possibilities; only 5 are
shown in this example.  The text example uses 10.  9KE

before the test begins, how many data
samples will be needed.  Finding the
minimum sample size is the aim of this
report as well as all others that preceded it
[3] [4] [6 ], so knowing it ahead of time
may seem contradictory.  Well, some trial-
and-error techniques may be necessary until
confidence is gained in the process,
or.unless an independent method is used to
make an inititial estimate of sample size. 
The strategy of choice is to select a desired
number of samples, create and LHC
experiment of that sample size, conduct the
test according to the LHC saampling plan,
then perform PSR Analysis to verify that
information saturation has been achieved.

Simple Explanation of Latin Hypercube
Sampling:  
The deterministic part of LHC sampling is
in the fact that it begins with the input value
of the number of samples.  This data item is
used to create a set of sub-ranges within the
independent variables’ ranges by dividing
each respective range (maximum value -
minimum value) by the number of samples.  For example, Figure 2 is a 3-dimensional sketch of the
hypercube for a 10-sample sequence with three independent variables: speed, pressure and displacement. 
Viscosity is being omitted in this illustration because it’s impossible to make a drawing of a 4-dimensional
“volume”.  

Although this subranging strategy creates up to 1000 minor hypercubes, there is no need for that great
number of samples in the final test plan.  Only 10 will be used in the example illustrated here.  10 samples
may actually turn out to be more than needed, a fact that can be verified with PSR Analysis later, but
certainly 1000 are not necessary.  Note in this simplified example that all of the ranges begin at 0, which is
not normally the case in practical pump testing.  More likely, speed would range from, say, 600 to 3000 rpm,
pressure from 4 Mpa to 30 Mpa and displacement from 0.2 to 1.0 cm3/rev.  The ranges in Figure 2 allow for
easy mental arithmetic.

Refer to the tabulations in Figure 3 for the events taking place inside the LHC sampling algorithm.  The
procedure starts with the semi-randomized (SET UP STEP) and ends with the RANDOMZIED (SET
POINTS).  In the assignment of values to the test plan samples, the individual hypercubes will be used to
“house” test sequence set point values.  For this example, with 10 samples selected, there will be 10 different
speeds selected, 10 different pressures and 10 different displacements.  A speed hypercube’s boundary is
limited by the values along the speed scale.  The lowest value of speed will be a random value, however,
the LHC algorithm constrains it to be between 0 and 100, for example, 55.  The highest speed value will be
a random number between 900 and 1000, say 981, and so on, as shown in Figure 3, with all 10 of the minor
hypercubes for speed being filled when done.  A similar assignment of values using deterministic bounds,
but randomly selected values within each of the minor hypercubes’ boundaries assures that there will be a
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Figure 3 Charted values show how deterministic and random
properties are simultaneously imparted to the test plan’s
sample sequencing to assure a uniformity of distribution
throughout the entire hyper volume.  The latin hypercube
algorithm assures it.  9KF

fairly uniform distribution over each variable’s range and yet have random tendencies.  Figure 3 shows the
assignments of values to the three independent variables initially, in the “semi-randomized” tabulation, and
then the final randomization in the “randomized” tabulation.

The next step is to randomize each one of the
columns, such as is done with shuffling, as
with a deck of cards.  Again,  Figure 3 shows
how the individual data items are moved
through the LHC algorithm from the set up
tabulation to the randomized tabulation after
the shuffling process.  Note that the lowest
value in the speed column, 55, occupies the
third row in the randomized tabulation, and
the largest speed value, 981, moved to the 6th

randomized row.  In this simple case, it’s easy
to follow how the values as originally
assigned in the left tabulation are randomly
rearranged in the final randomized tabulation. 
At this point all minor hypercubes aligned the
major diagonal axis.  The final step is to
randomized, or shuffle, the second and third
columns, individually.  This has the effect of
forcing all the data-containing minor
hypercubes to be forced of the major diagonal

axis.  The result is the required efficacy in the final test plan under RANDOMZIED SHUFFLED (SET
POINTS) in Figure 3.  The 10 sample set points will assure that the entire learning zone is crossed with those
10 samples, information saturation will result, and PSR Analysis will thereupon enter the convergence zone.

Explanation of Twelve Samples Instead of Ten:  Figure 3 shows a display of 12 samples, not the
originally stated 10.  This is because the lab personnel in MSOE’s Fluid Power Institute “manually forced”
two additional samples AFTER the basic 10 were created with the LHC algorithm in MatlabR.  These two
samples were aimed at the lament of Vose [5], as well as others, who noted that the pristine LHC algorithm
does not actually reach the absolute maxima and minima for the independent variables.  These two samples
consist of the Max, Max, Max and Min, Min, Min values of the speed, pressure and displacement.  This
ensures that there will be at least two samples that contain the desired test limit extremes.   In the
SHUFFLED tabulation in Figure 3, the manually forced samples were always placed first in the pertinent
data block.  It is postulated that the samples of extremes will provide somewhat more assurance of
information saturation along with assuring that test extremes are reached in the laboratory.

Information Saturation Does Not Depend On The Chosen Regression Function: It was demonstrated
in the first report on PSR Analysis [1, (Figures 9, 10, and 11)] that the number of samples required to reach
information saturation (convergence zone)  is independent of the number of terms (complexity) of the
regression function.  This may seem counterintuitive, however, it is realistic upon reflection.  

Information saturation occurs when that number of samples is reached such that any further new samples
contribute nothing more to the regression coefficient synthesis.  That is, both the set of regression
coefficients and the chosen figure(s) of merit do not undergo significant changes with further samples.  This
simply restates the basic idea of sampling.  That is, the infinite universe of measurement possibilities is
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adequately represented with the very finite number of samples that it took to reach information saturation. 
If there is no more new information to be borne by the new samples, then there is sufficient information to
evaluate the coefficients of any regression function that may be presented to the data for coefficient solution. 
Information saturation is information saturation.  Nothing more, nothing less.  This was illustrated in the first
report on PSR Analysis [1].

The ability to reach information saturation is the essence and the role of an efficacious test plan.  It has been
demonstrated in the Sequel Report [4] that latin hypercube sampling and randomization will create an
efficacious test plan, and information saturation will be reached in the number of samples requested of the
LHC algorithm as implemented in Matlab.  It must be hastily added, here, that the minimum number of
samples that were confirmed in the Sequel Report was stopped at 25 because more laboratory testing would
be needed, which was deemed to be impractical at the time of writing the Sequel Report [4].  The absolute
minimum number of samples cannot be less than one greater than the number of unknown regression
coefficients, but this is not a practical nor realistic minimum, because of the inevitable data errors.  An ideal,
error-free scenario is taken up in the next section.  The absolute minimum sample size, at this stage in the
PSR research effort, is somewhere less than 25, but greater than 7, the number of terms in the “kernel”
regression function as used in the Sequel Report.  This first data block is the “learning block”.

Now, the minimalist limits having been suggested, PSR Analysis is significantly enhanced with latin
hypercube sampling.  It is LHC sampling that establishes the number of samples needed for information
saturation.  PSR Analysis is a useful means for verifying that information saturation has been achieved.  For
this reason, along with the fact that PSR is a new method, there has to be a follow-on array of set points, also
generated with the LHC algorithm, that provides a new sample size, but exactly the same test ranges that
serve to verify that the convergence zone has been reached.  This convergence zone data set (data block)
MUST be created as a separate LHC pprocess, with its own number of samples, but with independent
variable ranges that are exsactly equal to those used in the leaning zone block.  Figure 4 in the Sequel Report
had follow-on sample sets of 275, 250 and 200 samples for the convergence zone confirmation, far more
than what would be needed under regular use of the technique.  The author suggests a follow-on sample size
that’s greater than that of  the learning set, but not more than twice as many.  As experience is gained, fewer
follow-on samples may be possible, and it may even be possible to eliminate PSR Analysis altogether unless
its other benefits are needed.  

“What If” Scenario For An ideal World: Another way of looking at the idea of information saturation in
the test data samples is to look at an idealized situation.  Idealization eliminates the two confounding
challenges in modeling, stated earlier: inability to make measurements without error and the resulting
inability to identify the exact first principles that are at work in the typical positive displacement hydraulic
pump.  The basic function of the pump is to transfer a known volume of fluid from the inlet port to the outlet
port.  Quantifying the applied physical process is easy.  The fluid volume transfer is simply the product of
the shaft rotational speed, in rpm, typically, multiplied by the known displacement, in volume per revolution,
typically.  

In the perfectly ideal world, the volume transfer per revolution would be carried out with 100% efficiency,
that is, without any losses.  That degree of ideal operation is not quite what is going to be investigated in this
instance.  Instead, we will look at one source of inefficiency, internal leakage.  The causes of internal leakage
have been well documented, for example: spool-to-bore clearances, slipper-to-swashplate hydroplaning and
clearances, the tiny spaces between the barrel and port plate, to list a few causes in piston pumps.  Such
phenomena are present and unavoidable, not to mention desirable, because they provide necessary
lubrication, even in the very best of piston pumps.  So, in this almost perfect world, some internal leakage
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Figure 4 Even with as few as five LHC samples plus 2 manually forced extreme
samples, the RMS error is converging on a value of 0.16 which is about 0.6% of the
maximum measured flow of about 26.6 gpm and is very near the allowable
measurement error for flow in ISO 4409.9KK

is going to allowed and quantified.  It will be assumed that this internal leakage, born of required clearances,
is directly proportional to differential output pressure and inversely proportional to viscosity.  The regression
function that perfectly (this is an ideal world, now) characterizes this pump is:

(1)9KI

Now, the question becomes: How many samples are required to reliably evaluate the Ai using regression as
the coefficient evaluating method when there are absolutely NO measurement errors?  The answer comes
from a knowledge of regression, namely, that regression requires at least one more sample than there are
unknown coefficients.  In this case, with three unknowns, four samples are needed.  This means that the test
program can be terminated after taking four samples at four different operating points.  The locations of
those operating points are totally unimportant, as long as they are all at different operating conditions.  Total
information saturation occurs with four sample measurements taken anywhere within the hyper volume that
defines the universe of all possible operating conditions.

This is what’s at work here, in this ideal scenario: There are no measurement errors and we know absolutely
and with equal perfection, that Equation 1 characterizes the pump’s output flow without error. There exists
a set of regression coefficients that will predict, perectly, the flow at any arbitrary values of speed, pressure,
displacement and viscosity.  The RMS Error trajectory from PSR Analysis would “flat line’ at 0.0 at the
fourth sample and remain there through all subsequent samples.  After four samples, no more information
can be imparted to the model and therefore the model will undergo no changes regardless of the number of

samples we might
take.  Such is the
joy of being in a
perfect, error-free
utopia.

Alas, we do not live
and work in an
ideal world.  All
real world data has
errors and those
errors hopelessly
prevent us from
knowing the exact
physics that are at
work to create the
internal leakage. 
The problem is that,
except by rare
happenstance, NO
real-world data
point lies exactly
on the regression
function, no matter
w ha t  p h ys i c a l

process might be selected.  Finding the most likely causes of leakage with real world rules involves the
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inclusion of possibilities from a list of candidate causes (regression terms) and then eliminating those that
result in over-fitting and/or collinearity.  That has been done with the real data from the piston pump used
for most of the studies in this series of reports on PSR and Sample size.  The best equation is very simple:
It’s Equation 1.  Supporting documentation leading to Equation 1 as the best regression function is not
included in this report.

CAN INFORMATION SATURATION BE REACHED WITH ONLY FIVE LHC SAMPLES?
The Fluid Power Institute, MSOE, arranged for additional tests to be conducted with very few numbers of
samples in a search for the lower limit.  These tests were conducted with learning zones that were blocked
with as few as five samples, plus the two that were manually forced to be at the two test program extremes. 
PSR analysis was conducted on the minimal test set with the surprising that the efficacy of the LHC
sampling algorithm was sustained with only seven samples.  Figure 4, Page 6, is the result of PSR Analysis
on the 5-sample learning block.  It must be pointed out that the X-Axis, labeled as “OBSERVATION
NUMBER” is also the “Degrees of Freedom” value.  Since PSR analysis started at the fourth sample (one
more than the three unknown regression coefficients in Equation 1, which was used in this example), the
value of 5 on the X-Axis corresponds to an actual sample count of 8.  There is a strong implication that at
this small LHC sample size, some learning is still taking place after all 7 learning zone samples had been
regressed.  Five LHC samples is a daringly low sample size.

CONCLUSIONS
Efficacy in set point randomization using the latin hypercube assignment and sequencing algorithm is
achieved in the way that the LHC algorithm combines determinism with probabilism.  This has been
demonstrated with numerous evaluations of actual hydraulic pump test data using Progressively Sequenced
Regression Analysis [3] [4] [6 ].  Test data was collected using test plans created with latin hypercube
randomization method as implemented in Matlab.  LHC randomization provides a means for distributing
and assigning test set points throughout the test program’s hyper volume which in turn gives assurances that
reliable models can be created from the fewest number of samples and provides an objective means for
verifying the efficacy of the collected data for math modeling purposes.  It is postulated, but remains to be
proven, that this method of sample size verification is aided and abetted by the fact that machines, such as
hydraulic pumps, are modeled from well-established first principles and data are collected using very little
measurement uncertainty [2].  Such processes have very large deterministic parts and very small random
parts.  Further to this point, it is postulated that the method would likely not produce satisfactory results if
applied to processes with large random variations such as with medical, socio-economic, climate and
political science models.

It is further postulated that other methods for creating efficacious experiment designs, such as the
Translational Propagation algorithm of Viana, et al [7], will produce equal results, and potential
improvements.

Effective and continuing use of PSR Analysis to confirm that information saturation has been reached
requires these recommended steps:

1. Select a sample regression function as a kernel for PSR Analysis, simple is preferred, and
Equation 1 will suffice for a variable displacement pump test.

2. Generate a test set point matrix with the number of desired samples using latin hypercube
randomization algorithm and ranges of the independent variables to be tested or other sampling
algorithm with equal uniformity of distribution and penetration depth, ie, equal efficacy.  Call
data set the learning block.
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3. Generate a second, follow-on, set point matrix identical to that of step 1, above, but with more
samples than in the first, so as to provide a zone where the convergence plateau can be verified. 
Call it the convergence block.  It MUST BE a totally new LHC algorithm creation in order to
provide objectification to the PSR convergence confirmation.

4. Combine the two arrays of steps 1 and 2, above, into a single test plan matrix.
5. Conduct the test program with the combined set points until all set points have been reached
6. Perform PSR Analysis to confirm that convergence is achieved.
7. After confidence is gained in the method, use the experience to further reduce the number of

samples.
8. Evaluate other regression functions, if desired, but with the requirement that the total number of

test samples exceeds the number of unknown regression coefficients.
9. Once experience and confidence have been gained, laboratory personnel will no longer be

required to create a convergence zone data block.  Instead, they can merely create a suitable
learning zone data block and evaluate the regression coefficients with the acquired data samples.

After convergence is confirmed, regression functions other than the kernel function can be explored.  The
kernel was a means to an end, the end being confirmation of information saturation.  It serves much like a
catalyst in a chemical process.  

In the end, the only thing needed is that an efficacious experiment design, LHC sampling for instance, or
equivalent other, be implemented with the desired minimum number of samples, and then conduct the test
with that set point sequence.  If confidence and experience are desired, attainment of information saturation
can be verified with PSR Analysis.  There is but one cautionary note: Be sure to give to the LHC algorithm
enough samples to cover no less than one more than the number of unknown regression coefficients in the
most complex regression function that might be desired after the lab work is done.  

This LHC/PSR process is NOT a method for achieving the best model.  It is aimed at getting verified
information saturation with the fewest number of samples.  Each regression function that is explored after
the fact has to be evaluated for the usual unpleasantries, such as over-fitting, collinearity and poor predictive
ability of the final function.  These, too, can be evaluated after the test lab phase is completed.  
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