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31 January 2018
Colleagues:

Subject: A SEQUEL - PROGRESSIVELY SEQUENCED REGRESSION
HELPS TO ESTABLISH MINIMUM SAMPLE SIZE AT TEST TIME:

This Sequel has been prepared in order to report on research that was
underway when the original report was distributed about three weeks ago.
The main discovery of this sequel is that the reason for reaching the
convergence plateau at timesin 50 samples and at othersin 100 samples has
now beenidentified. It originateswith the creation of thelatin hypercubetest
sequence. The number of samples required to cross the learning zone is
completely predictable and controllable. The results are very interesting,
perhaps puzzling. But in the end they are eminently commonsensical and
rational.

The thesis paragraph for PSR Analysis is contained in the attached Sequel
Report on Page 7 and is repeated here for convenience:

“PSR Analysisworks as it does for one basic reason: When
a sufficient number of samples has been accumulated to
produce areliable mathematical model with good predictive
ability, the model reaches ‘information saturation’ and any
further sampl estaken from withinthe samehyper volumewill
not appreciably change the model or its residual error. The
necessary and sufficient number of samples will have been
reached. Further testingwill contributelittle or nothingto the
model.”

Thisisthe first known, non-statistical, method for objectively determining
the required number of samplesfor creating reliable mathematical model s of
hydraulic, positive displacement, fluid power pumps.

There is dso a cal for others to join in the exploration of Progressively
Sequenced Regression Analysis propertiesin the quest for new insightsinto
the regression and modeling processes themselves.

Thank you for taking the time to read this brief Sequel Report of some of
PSR’ s properties, potentials and limitations.

Jack L Johnson
Project Leader pro tem,
Math Modeling Project
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REVIEW OF THE FIRST REPORT

Theoriginal report on PSR Analysis[6] closed with the statement that thisnew analytical techniqueisbeing
investigated as part of an on-going research program. Specifically, there was uncertainty as to the reasons
why the convergence plateau was reached, in some cases after 100 samples were regressed, while others
required only 50 samples. This issue has now been settled definitively, and it can be reported that when
using areliable randomized test sequence, such as comes from the latin hypercube al gorithm, the number
of samplesrequired to reach the convergence plateau is controlled only by the number of samplesrequested
by laboratory personnel and affected only somewhat by the number of unknown regression coefficientsto
be evaluated. LHC randomization is aprocess that isimplemented at test planning time and implemented
asthetest set point sequence at |aboratory time.

RESULTS OF RECENT PSR RESEARCH

The number of samples needed to produce reliable mathematical models can be calculated at test planning
time. Therequired region to be attained isthe convergence plateau. The number of samplesneededto cross
the learning zone and enter the convergence zone is totally under the control of the test lab personnel and
ispredictable. Thesefactsare demonstrated in this sequel to the first report with several easily interpreted
graphical results. There aretwo basic premisesthat are at work that validate the ability to gain control of
sample size in the test planning stage:

1. Inorder for the concept of reduced sample sizeto be valid, which has been proven for decadesinvolving
countless examples, there must come a sample size which will result in no further changes in the values of
the regression polynomial coefficients and the chosen figures of merit (FOMs). Thisisarephrasing of the
premise given in the original report [6].

2. The new discovery from the latest research is based on substantiated knowledge, namely the properties
of LHC randomized test sequencesthat are derived from thelatin hypercube randomizing algorithm. When
such sequencesareproperly applied, the PSR Analysiswill alwaysreachits convergence plateau inthesame
number of samples as were requested from the originating LHC randomized test point sequence.

Thefirst premiseisnot going to bereviewed any further here becauseit was discussed in theoriginal report.
The second must be discussed now becauseit is so critical to explaining the outcomes asthey are presented
here.

L atin hypercuberandomization propertiesarewel | documented. Theimportant property isthat thealgorithm
will produce a series of randomized test set points that will lead to a thorough and adequate sampling that
permeates the n-dimensional “hyper volume” of the hypercube. By this it is meant that the resulting
samples measure at or near all the vertices of the hypercube, the edges of the hypercube boundaries and at
the sametimeit picks out sample points throughout the entire hypercube volume within. Theresult isthat
the sampling of the universe of test point possibilitiesisfair and complete. In other words, the samplingis
sufficiently complete that if any other point inside the hyper volume is sampled, it will contribute little or
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nothing to the model, or to its coefficients, or to its FOMs. Furthermore, the entire possible infinity of test
points has been adequately sampled with a very finite number of samples. If it has NOT been adequately
sampled, then one can expect the model, its coefficients, and its FoOM s must continue to change. When one
complete latin hypercube sequence has been completed, the sample size is adequate, by definition, and
further samples from within the hypercube volume will contribute nothing to the quality of thefit. Thisis
supported by the fact that the convergence plateau isthe zone wherelittle changeis made to the RM S Error
and other FoM values.

Also, when the number of latin hypercube samplesis small, the learning zone will be distributed over one
entire hypercube learning block because each new sample within the block contributes more information
about the process that is being tested. New information is information that contradicts the model to that
sample point, and subsequent models are altered, many times only slightly. But when the sequence is
completed, thereis nothing moreto learn. The samplesizeisadequate. Any further datawill have limited
or no influence on the quality of the model. Each individual LHC hypercube dataset isafair sample of the
total population. It is complete within itself, bu is not complete for the model until all measured points
within the block are “digested” by regression learning.

METHOD OF INVESTIGATION

Inthefirst report it was demonstrated that the order of the data samplesto be regressed serioudly affectsthe
tragectories of coefficientsand FOMs. Thereis also the possibility of false negatives on convergence. The
aim of thisinvestigation isto show how the data can be sequenced and blocked so that the RM S Error will
pass through the learning zone and reach the convergence plateau while regressing the same number of
samples as were used to originate the randomized LHC sequencing of the test plan’s set points. Arranging
separate, individual LHC randomized data blocks define the learning zone and affirm the convergence
plateau. Each LHC data block is afair and sufficient sample of the entire possible universe of apump’s
operatingenvelope. Thisisanecessary and sufficient conditionfor PSR Analysisto display required sample
size and attainment of the convergence plateau.

Latin Hypercube Randomizing and Sequencing: Latin hypercube is a method that generates a random
set of numbers using a specific strategy [7]. The resulting number set can be used as the set points for the
pump test procedure when they are correctly scaled for the pump independent test variable ranges. In the
most broadly controlled pump test there will be four independent variables. Input data to the LHC
generating algorithm consists of the number of sampl esrequested and the minimums and maximums of each
of the independent variablesfor which it is chosen to apply LHC randomization. A review of thegraphin
Annex C of thefirst report on PSR Analysis[6] contains data from the file named “Pist1234.LHC". Itis
NOT the datafile used in these analyses but was scaled using the same ranges. There in the Annex it can
be seen that the speed ranged from about 1000 to about 2200 rpm whilethe pressureranged from about 1000
psi to about 3500 psi. The randomness of the speed and pressure set points can be viewed subjectively in
Annex C's one figure. The lab technicians chose not to randomize the displacement and viscosity for
practical reasons. This practicality does not appear to have been detrimental to the tests or their analyses
or theresults. Thedisplacement proxy can be seento vary from 100% down to 25% while theviscosity was
alowed to fal wherever it might be as a result of self-heating of the fluid during the previous and
subsequent few minutes of testing between test set points.

One complete set of LHC dataisreferred to asa*“block”. Blocking refersto how the blocks are arranged
to create the complete data file to be PSR’ ed. Sequencing refers to the order in which the individual
observations (samples) are arranged within ablock. The datafile consists of LHC data blocks arranged in
adesired order and each block is made up from sequenced samples. The originating source data file that
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was used in generating the data that follows in this Sequel Report was named “Pist4BIk.LHC”.

Blocking of the data concurred with the several requestsfor LHC randomization. That is, arandomized set
point matrix was generated in severa blocks of either 50 samples or 100 samples. Each represents a
complete sampling of the full respective ranges within the number of samples requested from the LHC
algorithm and applying respectively to each of the two variables, speed and pressure. This completeness
of the sample generation is at the heart of the certitude that the PSR analysiswill span thelearning zonein
one LHC datablock regardless of the number of samplestherein. Both the 50 sample data set and the 100
sample data set fairly samplethe entireinfinite universe of pump operation within the hypercube“volume”.

“Pist4Blk.LHC” Sequencing of the hypercube data refers to the order in which
Boiler Plate the individual samples are submitted to the progressive
BLOCK 1 regression. Data order, by the promise of latin hypercube
LATIN randomization algorithm, prepares its outputs in randomized

100 samples | HIPERCUBE order. During this research, there was no attempt to change
%Agggg&: whatever order was generated by the LHC algorithm except as

Each Block is  hoedinthesectiondealingwith*25 Samples’. Each block was

LT 2 a different accepted and submitted for PSR Analysis in pristine order.
samples There could, however, be some interesting resultsif an original

100 samples | Seiecto tin data block was put into some kind of sorted order or even
hypercube shuffled from its pristine randomized order before doing PSR

S Analysis, but that is a query to be explored at another time.

randemization.  Althoughnoindividual block wasalteredinitssequence, whole

observations.  blocks were rearranged to explore the effects of block size
(numbers of samples therein) on trajectories.

Blocking Strategies: Figure 1 showsthefirst blocking strategy

that was used for B
Figalllre 1 The gjrstf da}ta file fglr iSF§ the results of this _ c+St4Blk.LH1
Analysis consisted of alearning block o Report Boiler Plate
100 randomized samplesin afi?e blocked S?qus 1 ep?h '
as 100, 100, 50, 50. e ock 1, the LATIN
learning block, HYPERCUBE
has 100 samples. The several blocks are shown in different | Brock 2 BLOCKING
. . . NOTATIONS
colors and have the block size written on each one. That is, AND SCHEME.
thecyan learning Block 1in Figure 1 has 100 observations, or 100 samples Bach Block is
samples. Block 3isred and contains only 50 samples, etc. number of
saI]r.tplte:sd
selecte
The “Boiler Plate” block merely refers to required support | BLOCK 3 lt;sinczr lgtin
data about the file, most notably the headers that identify the seouencing
content of each columnin the matrix and some other thingsas 100 samples igg Somization
well that don’t apply in this discussion. Each non-yellow 300 total i
block contains a complete latin hypercube matrix that fairly observations.

sampl es the entire hypercube volume. -

To demonstrate the effects of having asmaller LHC block at
the beginning of the file, the arrangement of Figure 2 was

i i - Figure 2 The second PSR Analysis was
gs;dp?; a PSR sourcefile. Thefirst data block contained 50 conducted using a blocking of 50, 100, 100,

50 LHC randomized samples. we
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I’ simportant to emphasize at this point that the LHC blocks containing 100 and 50 samples respectively,
were used asrespectivetest set point sequencesin thelab so that therewas actual test datathat used the LHC
data, but more importantly, the test data was collected using the pristine latin hypercube data sequence of
each dataset. It resulted in several independent data sets, with one test being conducted with 100 samples
and the other with 50 samples“in thelead”. But, as shown in Figures 1 and 2, other blocks were attached
to the ends (bottoms) of the leading blocksin order to observe the specific trajectoriesinto the convergence
zones. And to also confirm that the convergence plateaus were reached in all cases.

Creating A Reduced LHC Block With 25 Samples: The
laboratory did not create an LHC data set with only 25
samples. But, it wasfelt that the principles of PSR Analysis
could not be adequately demonstrated with only two

“Pist4Blk.LH3”
Boiler Plate

BLOCK 2 LATIN

HYPERCUBE examples. However, there was no pristine 25 LHC sample
100 samples = NOTATIONS datablock and the cost and time to reconstruct thetests of this
AND SCHEME. third instance were prohibitive at the time of thiswriting.
Each Block is
a different
RS g‘;ﬂm‘gfg Of Instead, a 25 sample block was crested by the very crude
selected method of del eting observationsfrom theblock of 50 samples.
100 samples ﬁ;ggctggm Therewereno rulesasto how this might be accomplished, so
sequencing totally arbitrary meanswereemployed: Every even-numbered
o odomization. Samplewas to be deleted from the opening 50 samples and
300 total pasted at the bottom of the total file leaving the original odd

b ti . . ) :
observations numbered samples at the opening of thefile. It raised a new

question: “Will the unsophisticated process of lobbing off
50% of the observations leave enough of the desirable
properties of the original 50 samples so asto allow the entire

_ : . o
Figure 3 The last example PSR Analysis learning zone to be confined to a span of only 25 samples’”

uses a simulated learning block of 25 Theresultswould tell.
samples for an overall blocking of 25, 100,

100, 50, 25. o The blocking arrangement is shown in Figure 3. Thereit can

be seen how the red block of 50 was cut in half and the odd
numbered samples (green) were left at the beginning (odds) and the even numbered were pasted at the end
(green, evens). It might bethought of asakind of “simulation” of areduced size LHC datablock. The other
three blocks were | eft in their pristine states. It might be more correctly called a “synthetic block”. Note
however, that all threefinal datafilescontained atotal of 300 observations. Inall casesthisistheregression
function that was used to carry out the PSR Analysis for this Sequel Report:

Q -A, +A,N +A,P + A,(ND) +A,(NDP) + A5€ + AN? (Tt

It was shown in the first PSR report that the complexity of the regression function had little affect on the
learning zone and the convergence zone. Therefore, any reasonablefunction, Equation 1, for example, will
servethe purpose and there can be tests to determine the optimal termsto beincluded in or deleted from the
finally selected function. Such searches for optimal regressors can be conducted after the lab testing is
completed. Regressor selections do not have to be settled before the test program starts.

Recall, each block in Figures 1, 2, and 3 represents a complete sampling of the universe of possible values
contained within the defined hypercube’ s volume. The significant differenceis that each is doing so with
adifferent total number of samples within the block, ie, 25, 50 or 100. The significant similarity is that,
regardless of the block sample size, the entirety of the possibletest points has been sampled and each block,
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then, comprises a kind of microcosm of the entire panoply of pump test data possibilities. That is, each
block, regardlessof itssamplecount, isafair representation (sampling) of theentire pump performancedata.
It must be hastily added, however, that the creation of the randomized LHC set points definesthe boundaries
of the pump test universe, and any use of a derived model must likewise be limited to those same
boundaries. Extrapolation outside those boundariesis not impossible, however, it does carry risks, as does
extrapolation from any empirically derived mathematical model.

Placement of an LHC block of 100 immediately following the learning block isdeliberate, but all following
blocks must be created with the same hypercube vertices that were used in creating the learning block.
Doing so reveals the reaching of the convergence plateau. If different vertices are used in any later block,
it would likely result in continued learning within the subsequent blocks and a new plateau would follow.

COMPOSITE GRAPHS OF LATIN HYPERCUBE RANDOMIZATION
50's Curve 100's Curve THAT ARE SEQUENCED WITH LEADING BLOCKS THAT START WITH
RMS Error RMS Error 25, THEN 50 AND THEN 100 SAMPLES, SHOWING THAT
gpm gpm THE HYPERCUBE BLOCK SIZE CONTROLS THE SAMPLES NEEDED
1 1 TO REACH THE CONVEREGENCE PLATEAU PIST4BLK.LHC,01251039.H18
- - 50's Curve | |
i | P\\<:\w\[ ////,r100's Curve
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Figure 4 The convergence plateaus are reached within the respective LHC sample size requests. o

PSR Analysiswas performed on the three source datafiles described in Figures 1, 2, and 3. Theresultsare
graphedin Figure4. Figure4 showsaffirmatively that each of the respective RM S Error trajectories makes
afirst-crossing of the convergent value of approximately 0.08 gpm, and they do so within the sample size
of the data block that occupied the first samples in the respective source data file, proving the point.

Thisresult isasit should be, and is, in fact, unavoidable. The number of samples needed to traverse the
learning zone will always be equal to the number of latin hypercube samples that were requested from the
LHC agorithm at test planning time. It has been stated here, and proven through decades of applications
and countless millions of analyses, that the ability to formulate a mathematical model of any process does
not require the measurement of every single possible operating point. Initsstead, only arepresentativefew
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data points must be selected, but they must be selected fairly and without bias. Statistical biasis very easy
to avoid in hydraulic pump modeling. It isonly necessary to sample the vertices of the hypercube and the
innards of the hyper volumein amore or less uniform manner, and it will result in an adequate sample size.
The LHC randomization algorithm assures that over the number of requested samples and over the ranges
specified for the independent variables, adequate sampling has taken place. Thisisa strength of the LHC
randomization process. Thereisno reasonto believe, however, that any other randomization strategy isany
more or any less effective than LHC. Further research isrequired to settle this point.

Upon generating arandomized LHC samplebl ock, theinfinite universewithinthe hypercube shypervolume
will have been adequately sampled from corner to corner, edge to edge and surface to surface and many
points in between, and based upon the dictates of the LHC randomizing algorithm. But the required
(adequate) number of samples in the finite real world will be far fewer. When test personnel paste an
additional, statistically similar, second LHC block, completein itself, there are no new operating pointsin
the pasted second block that have not aready been sampled in the learning block, and as aresult, thereis
nothing morefor regression to learn and the convergence plateau will have been reached. It cannot be any
other way. Thelearning zone will span the entire width of thefirst LHC data block and learning shall have
ended, based upon the findings reported here.

NOTE: There are two caveats that come to mind, mitigating the implied absolutism in the
paragraph, above: First, the well-known, absolute minimum number of samples required to make
aregression model of any process, beit apump, amotor, valve or whatever, isequal to the number
of unknown coefficientsin theregression function plus 1.0; Second, thereislikely to be some point
of diminishing returns where the chosen size of an LHC learning block could be so large (probably
unnecessarily so) that adequate sampling is reached before the learning block isfully traversed. A
more asymptotic trajectory toward convergence is likely to appear, but more research is needed.

Asthelearning block is crossed by the regression of PSR analysis, each new samplethat’ sadded to the data
to be regressed adds information to the regression learning, the error trends upward as the learning corrects
themodel, and the RM S error trgjectory rises. Eventually, thereisno new information to be gained and the
RMS Error reaches the convergence plateau. The results of Figure 4 suggest that some other, less random
procedure, might be used to deliberately seed the earliest samples with the largest possible amount of
information. The rise of the learning curve is controlled by the rate at which new and useful information
reaches the regression algorithm. It may be possible to increase the learning rate and obtain a model with
fewer samples. For example, it may be expeditiousto force thefirst eight data samplesto coincide with the
eight vertices of a3-variable (P, N and D, for example) model so that the greatest possible variable ranges
reach the regression algorithm first. Minimization of sample sizeis based upon the need to get the greatest
amount of information into the PSR Analysisin the earliest and smallest number of data samples.

Tracking The A, Coefficient: Figure5on Page 7isadisplay of thetrajectoriesof the A, coefficient through
the PSR Analysis. A, isafavorite of this author because it is related to the quality of the model, and it
always has the same units as the independent variable, hydraulic flow in this case. Whenitistoo far away
from theideal value of 0.0, there can be a problem with regressor selection or thereistoo much error in the
measured data. Other regressor coefficients are not displayed in this report in the interest of brevity.

An observed phenomenon is that the individual coefficients, such as A,, have more “volatile” trajectories
thandoestheRM Serror. Someobserversmight call their trgjectories“noisy”. Trajectorieslook to benoisy,
but not in the same sense as electrical or mechanical noise. It's more akin to the noise that is reported by
stock market analysts. Thisisnot confirmed, but it is suspected that volatility in the coefficient trajectories
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may be asign of collinearity. Thisisonly speculated at this time and more research is needed.

COMPOSITE GRAPHS OF LATIN HYPERCUBE RANDOMIZATION
50's A0 100's A0 THAT ARE SEQUENCED WITH LEADING BLOCKS THAT START WITH
Constant  Constant 25, THEN 50 AND THEN 100 SAMPLES, SHOWING THAT
gpm gpm THE HYPERCUBE BLOCK SIZE CONTROLS THE SAMPLES NEEDED
5 5 TO REACH THE CONVEREGENCE PLATEAU PIST4BLK.LHC,01251038.H18
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Figure 5 PSR Analysis also tracks all the coefficientsin the regression function. Only the constant, A,
isshown here. It is one measure of the model quality, because it should be 0.0 in the ideal case. or

CONCLUSIONS

Thereisarobustnessin thelatin hypercuberandomization a gorithm that creates sampling which permeates
and distributesin such away that it adequately samplesits entire hyper volume regardless of the number of
samples that are requested of the algorithm. This capability is, perhaps, the single most important reason
why it alows a user to implement blocking of latin hypercube data sets with assurances that there is a
sufficient number of samples to adequately characterize the pump’ s performance such that the samplesin
any subsequent LHC data blocks have little or nothing to contribute to the refinement of the model. Inthe
examples presented in this report, using 50 and 100 samples in the learning block, and even synthetically
reducing the 50 sample block by one-half, to 25 samples, models were produced that crossed into the
convergence plateau of PSR analysis.

Latin hypercube randomized sampling requires that minimums and maximums of any pump test variables
be given to the LHC algorithm before the algorithm can produce its randomized sample points. It isa
complementary reality that pump testing is such that it, too, requires that the limits of al independent test
variables be known at test planning time. The added requirement that LHC must know the total number of
sampl es before sample generation can start isin perfect mutual compatibility with the most basic of pump
test needs. The total sample size requirement allows the testing agency to set the test sample duration.
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There are undoubtedly limits asto how minimal the sample size can be, however, this report has presented
an insightful method for significantly narrowing the range. More test datais needed in order to refine the
actual number.

When the randomized latin hypercube sampling algorithm is used to formulate the sequence of test set
points, theresult isablock of test set pointsto be used as alaboratory test plan. Testing then resultsin a set
of measured data pointsthat fairly represent (sample) the entire limited operating universe of thetest pump.
That universe, already stated, islimited to the boundaries established for the LHC a gorithm which requires
that all set points bewithin specified rangesthat are set by thelaboratory personnel. Therequesttothe LHC
algorithm also must contain the number of randomized set point samples to be generated. The LHC
algorithm samplesfairly the entire hyper volumeinside the hypercube regardless of the number of samples
requested. Theresult isthat ablock of data exists from which many progressively sequenced regression
models can be created in an opening learning zone. Infact, PSR producesanewly regressed model for each
new added sample. Thelearning zoneisfollowed by additional and separately generated LHC data blocks
to verify attainment of the convergence zone and the attendant convergence plateau. Thus, the |aboratory
test plannershave control over the number of samplesthat constitute the learning zone which constitute the
number of samplesrequired for amodel. Thispreventsprematurely taking afinal samplefromthelearning
zone, rather than from the convergence plateau. This has been shown to be the case with learning zone
sample sizes of 25, 50 and 100 samples

PSR Analysis works as it does for one basic reason: When a sufficient number of samples has been
accumulated to produce areliable mathematical model, the model reaches*information saturation” and any
further samples taken from within the same hyper volume will not appreciably change the modd or its
residual error. Thenecessary and sufficient number of sampleswill have beenreached. Further testing will
contribute little or nothing to the model.

Totakeadvantage of latin hypercube randomized sampling, theuser will need at | east two independent LHC
sample blocks arranged sequentially. Morewill not help, but they won't hurt, either. Thefirst block forms
thelearning zone and the second providesfeedback to the user that the convergence plateau of PSR Analysis
has been reached, or not, asthe case may be. The number of samplesin thefirst IS the sample size and the
second is aconfidence builder. Both blocks must have the exact same limits for the independent variable
minimums and maximums, but are probably better convergence zone enhancementsiif they have different
sample numbers so there is no fear that they could contain exactly the same randomized samples.

The number of data samplesrequired to create areliable model of a pump depends far more on the quality
of sampling method and far less on the form of the regression function and its number of terms. Thus, PSR
Analysiscan beinitiated using any reasonable model and the datacan be used to find regression coefficients
for any arbitrary regression function at any futuretime. When the learning phase has been saturated no new
information is useful, regardless of the use to which the data will be put.

It could be concluded that thisreport has done moreto validate the utility of latin hypercube randomization
than is has been to show the utility of PSR analysis. But those two things are complementary.

Many, if not most, who create models from measured performance data see regression as an end in itself.
It is the tool that presents the evaluation of the model coefficients and thus quantifies the model for
subsequent utility. Inthisreport, regression, in the repetition that is PSR Analysis, provides ameansto an
end. Indeed, ordinary, multiple, linear regression is a useful tool.
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OBSERVATIONS REGARDING PSR
In the ongoing research up to thistime, a number of explorations have been pursued out of both curiosity
and necessity or clarification. Some of them are stated briefly, below, as a matter of record.

Collinearity: Collinearity isthe situation in math modeling in which two or more regressors have alinear
or near linear relationship. At the Wikipedia web site [7] titled Multicollinearity, they list some
consequences when collinearity exists between regressors, among other things:

One consequence of a high degree of multicollinearity isthat . . . a computer algorithm may be
unsuccessful in obtaining an approximate inverse [ of the regression matirx], and if it does obtain
one it may be numerically inaccurate. But even in the presence of an accurate [inverse,
consequences can arise] .

In some sense, the collinear variables contain the same information about the dependent variable.
If nominally "different" measures actually quantify the same phenomenon then they are redundant.
Alternatively, if the variables are accorded different names and perhaps employ different numeric
measurement scales but are highly correlated with each other, then they suffer from redundancy.

One of the features of multicollinearity is that the standard errors of the affected coefficients tend
to be large. In that case, the test of the hypothesis that the coefficient is equal to zero may lead to
afailureto reect a false null hypothesis of no effect of the explanator, a type Il error.

Another issuewith multicollinearity isthat small changesto theinput data canlead tolargechanges
in the model, even resulting in changes of sign of parameter estimates.

A principal danger of such data redundancy isthat of overfitting in regression analysis models. The
best regression models are those in which the predictor variables each correlate highly with the
dependent (outcome) variable but correlate at most only minimally with each other. Such a model
is often called "low noise" and will be statistically robust (that is, it will predict reliably across
numerous samples of variable sets drawn from the same statistical population).

So long as the underlying specification is correct, multicollinearity does not actually bias resuilts;
it just produces large standard errorsin the related independent variables. More importantly, the
usual use of regression is to take coefficients from the model and then apply them to other data.
Snce multicollinearity causesimpreci se estimates of coefficient values, the resulting out-of-sample
predictionswill also beimprecise. And if the pattern of multicollinearity in the new data differsfrom
that in the data that was fitted, such extrapolation may introduce large errorsin the predictions.

Needlessto say, the sel ection of regressorsmust bevalidated | est collinearity be undiscovered. For example,
Equation 1 was discovered to have collinear regressors. This can be seen by comparing the trajectories of
the A, and A, coefficients which display almost mirror images of each other. Thisis an indication that
collinearity exists. It was confirmed by making a plot (not shown in thisreport) of A, asafunction of Ag
wherethe near linear relationship becomes apparent. Thiswas further confirmed with Minitab analysis of
the regression function. But quality of the model is not being pursued in this report. It is mentioned only
as one of the side benefits of PSR Analysis. Furthermore, a display of the pertinent data is deferred to a
more complete dissertation on the heretofore discovered properties of PSR Analysis.

Swapping Odds And Evens: The blocking arrangement of Figure 3 has the 25 odd numbered samples at
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the beginning of the source datafile whilethe 25 even numbered samples were pasted at the very end of the
file. Inan otherwise unreported PSR Analysis, the two 25-sample blocks were swapped, putting the even
numbered samples at the front and the odds at the rear. Results of the analysis reveal no significant
differencesinthe beforeand after trgjectories. The second analysiswasnot includedinthegraphsof Figures
4 and 5 because one would mask the other by overlaying it.

Histograms: The LHC randomized data blocks of 50 and 100 samples were histogrammed using the four
independent variables, speed, pressure, displacement and viscosity. Other than viscosity, they show that the
LHC randomization produces arelatively uniform family of values.

ONGOING RESEARCH

Research into the properties, methods and limitations of PSR Analysis continue as this report is being
written. The author feels that there are many potential uses of the method that are undiscovered. Work
continuesto discover the undiscovered and to the extent that new thingsare uncovered, they will bereported
on at the 16 May 2018 meeting of WG13 in London.

Finding The Actual Minimum Limit To The Number of Samples: Available pump test dataforced the
PSR Analyses to be limited to the three that are reported here, that is, using leading blocks of 100, 50 and
25 LHC samples. And the 25 sample investigation had to be ssmulated. The actual minimum number of
samples for a variable displacement pump has been significantly confined, however, it’s only possible to
say that it is somewhere between 8 and 25. The 25 comes from the simulation ploy reported above and the
8 comes from the reality that with 6 regressors, the minimum number of samples required to create an
invertibleregressionmatrixis8 (6 + 1+ 1). Somestudiesarein order to search for thefailure point between
8 and 25 samples.

Other Randomization Algorithms: There has been no work on how effective other randomizations might
be. It would be interesting to try some obvious ones, such as a simple shuffle of the LHC data blocks.

Data From Other Pump Tests: The continuing research must include the investigation of datafrom other
pumps. Itisalso hoped that other laboratories will develop their own PSR Analysis software and perform
PSR Analysis. MSOE'’s Fluid Power Institute has developed its own version of PSR Analysis programs
using Matlab. Alternatively, this author would welcome the pump test data from other sources.

Deliberate “Seeding” Of The Leading Data Block to Expedite the Learning Zone: Thisauthor did one
quick analysis of adatafilethat was“seeded” with data samples that were approximationsto the 8 vertices
of the3-dimensional hypercube. The purposewould beto get through thelearning zonewith fewer samples.
The results predated the discovery that the number of samplesin the opening data block dictate the width
of the learning zone. Results were encouraging, but not conclusive. More needs to be done.

Collinearity and Other Model Quality Issues: Moreneedsto bedoneto use PSR Analysisto helpidentify
collinearity and its companion, multicollinearity. With more research, other quality-of-model issues may
beidentifiable.

Model Quality: It's been stated elsewherein this sequel report: The intent of thisreport is not specifically
aimed at addressing theissues surrounding model quality, but abrief mentionisinorder. Theseissues, were
they to be included, would deal with collinearity, over-fitting, and predictive ability of the model, among
others. The regressor terms in the regression function need to be selected so as to explain the physical
processes that are going on inside the pump.
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To alarge extent, the more that regressor selections are based upon the physical redlities, the better the
model. Thechallengeisintryingtoidentify, or extract, those processesand their unknown coefficientsfrom
datathat is swimming in a sea of unavoidable and inevitable measurement error, albeit small.

Additionally, the improving efficiencies of modern pumps make the challenges of accurate coefficient
extraction from the measured dataincreasingly moredifficult. Inamodern piston pump, approximately 95%
of theoutput flow can be explained with asingleregressor term, namely the (speed)x (di splacement) product.
Any additional regressor terms are fighting over the ever-diminishing internal leakage born of improved
volumetric efficiency. 1SO 4409 [5] requires that Class A measurements have no more than 0.5% error,
moreor less. Therefore, inapump which hasoperating regionswith 95% and greater volumetric efficiency,
coupled with the fact that internal |eakage cannot be measured directly, will result in internal leakage
evaluations that are approximately 10% in error. Trying to separate, for instance, the port-to-port leakage
fromthecompressibility |leakage, and thosefromthe casedrain leakage, isessentially afool’ serrand without
an order of magnitude improvement in measurement error reduction. Such improvements are not on the
technological horizon. Thehigher the efficiency, themoredifficult itisto empirically identify and separate
specific causes of a pump’s internal losses because of limited data accuracy. See Figure 61, Page 96,
Reference [1] for an example of apparent data error expansion when evaluating leakage flow.

The hydraulic pump is a highly predictable machine, and its performance has been documented over
decades. Itsmathematical model ssuccumb to well-known and accepted first principlesof physicsand suffer
only small amounts of measurement error. But identification of the specific causes of flow losses is
essentially impossible without over-fitting the data at modeling time.

Lack of an Existing Knowledge Base: Thereis no known, existing knowledge base for Progressively

Sequenced Regression Analysisthat aresearcher can currently draw upon. It ishoped that otherswill pick
up the method and broaden and heighten the understanding of an interesting analytical process.
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